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Abstract
In this paper, we study the interaction between two two-level atoms and two coupled
modes of a quantized radiation field in the form of parametric frequency converter injecting
within an optical cavity enclosed by a medium with Kerr nonlinearity. It is demonstrated
that, by applying the Bogoliubov-Valatin canonical transformation, the introduced model
is reduced to a well-known form of the generalized Jaynes-Cummings model. Then, under
particular initial conditions which may be prepared for the atoms (in a coherent super-
position of its ground and upper states) and the fields (in a standard coherent state), the
time evolution of state vector of the entire system is analytically evaluated. In order to
understand the degree of entanglement between subsystems (atom-field and atom-atom),
the dynamics of entanglement through different measures, namely, von Neumann reduced
entropy, concurrence and negativity is evaluated. In each case, the effects of Kerr nonlin-
earity and detuning parameter on the above criteria are numerically analyzed, in detail.
It is illustrated that the amount of the degree of entanglement can be tuned by choosing
the evolved parameters, appropriately.
1 Introduction
Entanglement, manifesting an unbreakable quantum correlation between parts of a multipar-
tite quantum system, is one of the most challenging features of quantum mechanics that is
tightly related to its foundations, particularly quantum nonseparability and the violation of
Bell’s inequalities [1, 2, 3]. Also, quantum entanglement is considered as one of the key re-
sources for quantum information science such as quantum computation and communication
[4, 5], quantum dense coding [6], quantum teleportation [7], entanglement swapping [8], sensi-
tive measurements [9], and quantum telecloning [10]. However, apart from the entanglement,
there exist other nonclassical correlations that have attracted great attention in this field of
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research. For instance, quantum discord [11], which expresses the basic aspect of classical bi-
partite states, is a criterion to characterize all nonclassical correlations. Anyway, the quantum
entanglement is a fundamental concept in quantum information processing and plays a cru-
cial role within new information technologies [12]. Nevertheless, some fundamental questions
about entanglement, for instance, entanglement sudden death (ESD) and ESD revival (ESDR)
remain open. In this direction, it has been shown that entanglement (of a two-qubit system)
may decrease abruptly (also non-smoothly) and asymptotically tends to zero in a finite time.
This phenomenon (ESD) is considered as a consequence of the presence of quantum/classical
noise [13]. It is worth noticing that, theoretical as well as experimental verification of ESD has
been recently reported in literature [14, 15, 16]. It is also valuable to mention that contrary to
the occurrence of ESD, entanglement sudden birth (ESB) can suddenly be appeared [17].
Altogether, manipulating and generating the entangled states are great attention. For instance,
it is recently reported that the entangled state can be used in quantum metrology [18] and in
the violation of Bell’s inequalities [19, 20]. In particular, the appearance of entanglement in the
interaction between light and matter in cavity quantum electrodynamics (QED), as a simple
way to produce the entangled states and as a candidate for the physical realization of quantum
information processing, is of special interest. In this respect, the atom-field entangled states
have been experimentally generated through interacting a single atom with a mesoscopic field
in a high-Q microwave cavity [21]. Also, based on cavity QED, quantum entanglement has
been generated via sending two atoms being simultaneously in the cavity [22] or two atoms
interacting successively with the cavity [23].
The Jaynes-Cummings model (JCM), as is well-known, is a fully quantum mechanical and ex-
act soluble model which gives a pattern to describe the most basic and important interaction
between light (a single-mode quantized electromagnetic field) and matter (a two-level atom)
in the rotating wave approximation (RWA). Based on this model and also its generalizations
which have been reported in the literature [24, 25, 26], the atom-field interaction naturally leads
to the quantum entangled state. In order to modify the JCM, various generalizations via us-
ing multi-level atoms [27, 28, 29, 30], multi-mode fields [31], multi-photon transitions [32, 33],
intensity-dependent coupling [34, 35], Kerr nonlinearity [36] and so on have been proposed
throughout the recent five decades. For instance, a model describing the interaction between
a general three-level atom and a bimodal cavity field has been carried out in [37]. An analytic
solution for two two-level identical atoms interacting with a single-mode quantized radiation
field containing Stark shift has been studied in [38]. The case of the interaction between a
Λ-type three-level atom and a single-mode field in an optical cavity surrounded by Kerr non-
linearity with intensity-dependent coupling has been studied [39]. The ability of the nonlinear
JCM in generating a class of SU(1, 1) coherent states of the Gilmore-Perelomov type and also
SU(2) group was shown in [40]. In addition, as a result of a system in which a two-level
atom interacts alternatively with a dispersive quantized cavity field and a resonant classical
field, a theoretical scheme from which the nonlinear elliptical states can be generated has been
newly proposed [41]. Recently, the nonlinear interaction between a Λ-type three-level atom
and a two-mode cavity field in the presence of a Kerr medium and its deformed counterpart
[42] has been investigated [43, 44]. In addition, a model for a moving three-level JCM in the
presence of intensity-dependent coupling has been proposed [45]. More recently, some of the
well-known nonclassicality features of the nonlinear (intensity-dependent) interaction between
two two-level atoms and a single-mode binomial field has been reported [46]. Moreover, the
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full nonlinear k-photon JCM in the presence of intensity-dependent Stark shift and deformed
Kerr medium [42] including time-varying atom-field coupling has been discussed [47]. In the
above-mentioned studies, showing only a few of the papers concerned with the JCM and its
extensions, in particular the degree of entanglement (DEM) is evaluated via von Neumann
reduced entropy besides some of the other nonclassicality features.
From another perspective of this field of research and also in direct relation to the present
work, one may consider two coupled quantized fields jointly entering a high-Q bichromatic cav-
ity [48, 49, 50, 51]. In this way, the atom can interact with each field mode individually as well
as both fields. Moreover, in a particular case, the atom can interact with two coupled fields in
the form of frequency convertor type which are injected within the cavity [52].
In this paper, we intend to study the interaction between two two-level atoms (which are consid-
ered to be initially in a coherent superposition of its ground and excite state) with two coupled
quantized fields in the form of parametric converter type injected within an optical cavity with
a centrosymmetric nonlinear (Kerr) medium. After considering all existing interactions appro-
priately in the Hamiltonian model of the entire atom-field system, in order to be able to solve
the model, we have to apply a particular canonical transformation, namely Bogoliubov-Valatin
canonical transformation, to reduce our complicated model to a form that can be analytically
analyzed [43, 44]. As a result, the explicit form of the state vector of the whole system is exactly
obtained by using the time-dependent Schro¨dinger equation. So, briefly, the main goal of this
paper is to investigate individually and simultaneously the effects of Kerr medium (containing
self- and cross-action) and detuning parameter on the entanglement dynamics. To achieve this
purpose, the amount of the DEM between subsystems (atom-field and atom-atom) by using
the von Neumann reduced entropy, concurrence and negativity is studied, in detail. To clarify
our motivations of this paper, it is valuable to give a few words on the notability of the entan-
glement between the fields. Even though, the importance of quantum entanglement has been
previously declared, it is instructive to point out the entangled state due to the fields which
may be utilized as input data for new researches/observations such as in the field of quantum
computation. It is shown that two electromagnetic field modes of a cavity can be applied as a
universal quantum logic gate [53, 54].
The remainder of paper is organized as follows: In the next section, by applying the canonical
transformation, the state vector of the whole system is exactly obtained. In section 3, in or-
der to understand the DEM between subsystems such as atom-field and atom-atom, we deal
with von Neumann reduced entropy, concurrence and negativity. Finally, section 4 contains a
summary and concluding remarks.
2 The model and its solution
The main goal of this section is to obtain the state vector of the system, in which two two-
level atoms interact simultaneously with two coupled fields in the form of parametric converter
type in an optical cavity involving Kerr nonlinearity with detuning parameter. Based on the
fundamentals of quantum mechanics, all necessary information about any physical (quantum)
system is hidden in its wave function. This may be obtained after an exact view on the existing
interactions between subsystems is truly achieved. So, let us assume a model in which the two
quantized radiation fields oscillating with frequencies Ω1 and Ω2 interact simultaneously with
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two two-level atomic system in the optical cavity which is surrounded by the Kerr medium.
Also, considering the centrosymmetric nonlinear medium, self- and cross-action of the Kerr
nonlinearity should properly be taken into account (see figure ??). Anyway, the Hamiltonian
containing all existing interactions which describes the dynamics of the introduced physical
system in the RWA can be written as (~ = c = 1):
Hˆ = HˆA + HˆF + HˆAF , (1)
where the atomic and field parts of the Hamiltonian are given by
HˆA =
1
2
2∑
j=1
ωjσˆ
(j)
z ,
HˆF =
2∑
j=1
(
Ωj aˆ
†
j aˆj + χjaˆ
†2
j aˆ
2
j
)
+ χ12aˆ
†
1aˆ1aˆ
†
2aˆ2 + λ12
(
aˆ†1aˆ2 + aˆ1aˆ
†
2
)
, (2)
and the atom-field interaction reads as
HˆAF = i
(
aˆ†1aˆ2 − aˆ1aˆ†2
) 2∑
j=1
λj
(
σˆ
(j)
+ + σˆ
(j)
−
)
, (3)
where ωj, λ12 and λj (j = 1, 2) are respectively the frequency of atomic transition, the jth
mode frequency, field-field coupling and atom-field coupling. In addition, χj , (j = 1, 2) and χ12
are referred to as the cubic susceptibility of the medium; χj shows the Kerr self-action for mode
j and χ12 is related to the Kerr cross-action process. The two two-level atoms are described
by the atomic pseudospin operators σˆ
(j)
z and σˆ
(j)
± (j = 1, 2), and the bosonic operators aˆ
†
j and
aˆj , (j = 1, 2) are the field creation and annihilation operators, respectively.
Now, in order to analyze the dynamics of the considered quantum system described by the
Hamiltonian in equation (1)), there exist three different but equivalent methods, namely, prob-
ability amplitudes, Heisenberg operators and the unitary time evolution operator approaches
[55]. For the introduced model we prefer to use the probability amplitude method. But before
this, it is convenient to simplify the complicated system by applying the following canonical
transformations
aˆ1 = bˆ1 cos θ + bˆ2 sin θ, aˆ2 = bˆ2 cos θ − bˆ1 sin θ, (4)
which are the well-known Bogoliubov-Valatin transformations [56, 57] and have been introduced
in the context of the Bardeen-Cooper-Schrieffer model of superconductivity [58]. In these
transformations, the operators bˆj (bˆ
†
j), j = 1, 2, are the bosonic annihilation (creation) operators
having similar properties to aˆj (aˆ
†
j), respectively. Also, parameter θ is the rotation angle which
will be determined later. It is worth to mention that, under these transformations the total
number of photons is invariant, that is, aˆ†1aˆ1+ aˆ
†
2aˆ2 = bˆ
†
1bˆ1+ bˆ
†
2bˆ2. By inserting equation (4) into
Hamiltonian (1) and after some straightforward calculations, one may obtain the transformed
Hamiltonian in the form
Hˆ =
2∑
j=1
[
1
2
ωj σˆ
(j)
z + Ω¯j bˆ
†
j bˆj + χ¯bˆ
†2
j bˆ
2
j
+ iλj
(
bˆ†1bˆ2σ
(j)
+ − bˆ1bˆ†2σˆ(j)−
)]
+
2∑
j 6=k=1
χ¯bˆ†j bˆj bˆ
†
k bˆk. (5)
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Looking deeply at the latter relations implies the fact that, the canonical transformations in
equation (4) retain the invariance of the Kerr nonlinearities so long as the relation χ1 = χ2 =
χ = χ12/2 is satisfied. Meanwhile, we have also defined
Ω¯1 = Ω1 cos
2 θ + Ω2 sin
2 θ − λ12 sin 2θ,
Ω¯2 = Ω1 sin
2 θ + Ω2 cos
2 θ + λ12 sin 2θ, (6)
in which the rotation angle θ is still unknown and should be determined. For this purpose,
the evanescent wave terms from the Hamiltonian related to the fields and field-field interaction
should be avoided. Therefore, one may set the particular choice of angle θ as
θ =
1
2
tan−1
(
2λ12
Ω1 − Ω2
)
. (7)
It should be noted that in obtaining equation (5), we have applied the RWA with respect
to the rotated operators bˆi and bˆ
†
i . It is suitable to work in the interaction picture with the
Hamiltonian VI(t) as follows
VˆI(t) = i
2∑
j=1
λj
(
bˆ†1bˆ2σ
(j)
+ e
i∆jt − bˆ1bˆ†2σˆ(j)− e−i∆jt
)
+
2∑
j=1
χ¯bˆ†2j bˆ
2
j +
2∑
j 6=k=1
χ¯bˆ†j bˆj bˆ
†
k bˆk, (8)
where ∆j = ωj − (Ω¯2 − Ω¯1) is the detuning parameter. To obtain the explicit form of the wave
function of the whole system, we solve the time-dependent Schro¨dinger equation i ∂
∂t
|ψ(t)〉 =
VˆI(t)|ψ(t)〉. For the assumed system, the wave function at any time t can be written in the
following form:
|ψ(t)〉 =
∞∑
n1=0
∞∑
n2=0
qn1qn2
[
A(n1 + 2, n2, t)|e1, e2, n1 + 2, n2〉
+ B(n1 + 1, n2 + 1, t)|e1, g2, n1 + 1, n2 + 1〉
+ C(n1 + 1, n2 + 1, t)|g1, e2, n1 + 1, n2 + 1〉
+ D(n1, n2 + 2, t)|g1, g2, n1, n2 + 2〉
]
, (9)
where qn1 and qn2 are the probability amplitudes of the initial field state of the radiation field
of the cavity field. Also, A, B, C and D are the atomic probability amplitudes which have to
be determined. For this purpose, by taking the probability amplitude technique into account,
one may arrive at the following coupled differential equations for the probability amplitudes:
A˙ = f
(2)
1 e
i∆2tB + f
(1)
1 e
i∆1tC − iV1A,
B˙ = −f (2)1 e−i∆2tA + f (1)2 ei∆1tD − iV2B,
C˙ = −f (1)1 e−i∆1tA + f (2)2 ei∆2tD − iV2C,
D˙ = −f (1)2 e−i∆1tB − f (2)2 e−i∆2tC − iV3D, (10)
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where
f
(j)
1 = λj
√
(n1 + 2)(n2 + 1),
f
(j)
2 = λj
√
(n1 + 1)(n2 + 2), j = 1, 2,
V1 = χ
[
(n1 + 2)(n1 + 1) + n2(n2 − 1) + 2(n1 + 2)n2
]
,
V2 = χ
[
n1(n1 + 1) + n2(n2 + 1) + 2(n1 + 1)(n2 + 1)
]
,
V3 = χ
[
n1(n1 − 1) + (n2 + 1)(n2 + 2) + 2n1(n2 + 2)
]
.
Now, in order to obtain a formalism close to the experimental situations, we consider the atoms
to be identical, i.e., f
(1)
1 = f
(2)
1 = f1, f
(1)
2 = f
(2)
2 = f2 and ∆1 = ∆2 = ∆. As a result, the
coefficients B and C are the same and so the four coupled differential equations in (10) are
reduced to three ones which are given by
A˙ = 2f1e
i∆tB − iV1A,
B˙ = −f1e−i∆tA + f2ei∆tD − iV2B,
D˙ = −2f2e−i∆tB − iV3D. (11)
By inserting D = eiµt in equation (11) we obtain the third-order equation
µ3 + x1µ
2 + x2µ+ x3 = 0, (12)
where
x1 = 3∆ + V1 + V2 + V3,
x2 = −2(f 21 + f 22 ) + (2∆ + V1)(∆ + V2) + (3∆ + V1 + V2)V3,
x3 = −2f 22 (2∆ + V1) + (−2f 21 + (2∆ + V1)(∆ + V2))V3. (13)
As presented in [39], equation (12) has generally three different roots that can be expressed in
the form
µm = −1
3
x1 +
2
3
√
x21 − 3x2 cos
(
φ+
2
3
(m− 1)π
)
,
m = 1, 2, 3, φ =
1
3
cos−1
[
9x1x2 − 2x31 − 27x3
2(x21 − 3x2)3/2
]
. (14)
Consequently, D can be considered as a linear combination of eiµmt as follows
D =
3∑
m=0
bme
iµmt. (15)
At last, by inserting (15) into equations (11) and after some lengthy but simple manipulations,
the probability amplitudes A, B, C and D (specifying the explicit form of the state vector of
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whole system) may be found in the form
A(n1 + 2, n2, t) =
e2i∆t
2f1f2
3∑
m=0
(
2f 22 − (µm + V3)(µm + V2 +∆)
)
bme
iµmt,
B(n1 + 1, n2 + 1, t) = C(n1 + 1, n2 + 1, t) =
−iei∆t
2f2
3∑
m=0
(µm + V3)bme
iµmt,
D(n1, n2 + 2, t) =
3∑
m=0
bme
iµmt, (16)
where bm should be determined via the initial condition of the atoms. So, let us consider the
atoms enter the cavity in the general coherent superposition state of the ground and the exited
states, that is,
|ψatoms(t = 0)〉 = cos(β/2)|e1, e1〉+ sin(β/2)|g1, g2〉, (17)
where 0 ≤ β ≤ π, i.e. A(0) = cos(β/2), B(0) = 0 = C(0) and D(0) = sin(β/2). Then, the
following relation may be obtained:
bm =
−2 cos(β/2)f1f2 + sin(β/2)(2f 22 + (V3 + µk)(V3 + µl))
µmkµml
, m 6= k 6= l, (18)
where µmk = µm − µk. Consequently, the probability amplitudes A, B, C and D are exactly
derived.
It is now worthwhile to mention that, in order to study the dynamics of entanglement, arbitrary
amplitudes of the initial states of the field such as number, phase, coherent or squeezed state
can be considered. However, since the coherent state (the laser field far above the threshold
condition [55]) is more accessible than other typical field states, we shall consider the fields to
be initially in the coherent state
|αi〉 =
∞∑
n1=0
∞∑
n2=0
qn1qn2 |n1, n2〉, qni = exp(
−|αi|2
2
)
αnii√
ni!
, (19)
where |α1|2 and |α2|2 show the initial mean photon number of mode 1 and 2, respectively.
Accordingly, the exact form of the wave function |ψ(t)〉 introduced in (9) is explicitly obtained.
In the next section, we shall investigate the DEM between different subsystems by using the
proper measures.
3 Entanglement criteria
Quantifying the entanglement is achieved through suitable measures that are well justified and
mathematically tractable [59]. Some of the measures that qualify the necessary conditions
are, for instance, entanglement of formation and distillation [60], negativity [61], von Neumann
entropy and relative entropy [62] and concurrence [63]. This section is allocated to study the von
Neumann reduced entropy, concurrence and negativity, in order to obtain the DEM between
subsystems. In each case, the effect of Kerr nonlinearity, as well as detuning parameter, is
numerically examined.
7
3.1 von Neumann entropy
The quantum entropy (quantum mutual information) is a useful criterion to evaluate the DEM.
In other words, the time evolution of the entropy of the field or the atom reflects the time
evolution of the DEM between subsystems. Meanwhile, the reduced von Neumann entropy, as
a measure of the DEM, satisfy the general conditions consist of Schmidt decomposition, local
invariance, continuity and additivity [64]. Before obtaining the reduced entropy of the field
and the atom, it is valuable to pay attention to the important theorem of Araki and Leib [65].
According to this theorem, in a bipartite quantum system, the system and subsystem entropies
at any time t are limited by the triangle inequality |SA(t)−SF (t)| ≤ S ≤ |SA(t)+SF (t)|, where
the subscripts ‘A’ and ‘F’ refer to the atom and the field, respectively, and the total entropy
of the atom-field system is denoted by S. As a result, if at the initial time the field and the
atom are in pure states, the total entropy of the system is zero and remains constant. This
means that if the system is initially prepared in a pure state (as we have considered), at any
time t > 0, the reduced entropies of the two subsystems (atom and field) are identical, that
is, SA(t) = SF (t) [66, 67]. Therefore, both atomic and field entropies are equivalent measures
of the entanglement. So, we concentrate on the evolution of the atomic entropy against time
to obtain the DEM. The reduced entropy of the atom (field) according to the von Neumann
entropy is defined through the corresponding reduced density operator by
SA(F )(t) = −TrA(F )(ρˆA(F )(t) ln ρˆA(F )(t)), (20)
where ρˆA(F )(t) = TrF (A)(|ψ(t)〉〈ψ(t)|) is the reduced density operator of the atom (field). Fol-
lowing the procedure of [43], one may express the entropy of the field/atom by the following
relation
DEM(t) = SF (t) = SA(t) = −
4∑
i=1
ξi ln ξi, (21)
where ξi, the eigenvalues of the reduced atomic density matrix are given by Cardano’s method
as [68]
ξj = −1
3
ζ1 +
2
3
√
ζ21 − 3ζ2 cos
(
̟ +
2
3
(j − 1)π
)
, j = 1, 2, 3,
ξ4 = 0, (22)
with
̟ =
1
3
cos−1
[
9ζ1ζ2 − 2ζ31 − 27ζ3
2(ζ21 − 3ζ2)3/2
]
, (23)
and
ζ1 = −ρ11 − 2ρ22 − ρ44,
ζ2 = −2ρ12ρ21 − ρ14ρ41 − 2ρ24ρ42 + 2ρ22ρ44 + ρ11(2ρ22 + ρ44),
ζ3 = 2ρ14(ρ22ρ41 − ρ21ρ42) + ρ12(ρ21ρ44 − ρ24ρ41) + ρ11(ρ24ρ42 − ρ22ρ44), (24)
with
ρij(t) =
∞∑
n=0
∞∑
m=0
〈n,m, i|ψ(t)〉〈ψ(t)|n,m, j〉, i, j = 1, 2, 3, 4. (25)
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Equation (21) indicates the time evolution of the field/atom entropy. In addition, it is fruitful
to notice that, by this equation, the DEM between the atoms and fields is also determined, i.e.
the subsystems are disentangled (the system of atom-field is separable) if equation (21) tends
to zero.
Figure ?? shows the time evolution of the field entropy against the scaled time τ for the initial
mean number of photons fixed at |α1|2 = 10 = |α2|2. Figure ??(a) shows that in the resonance
case and in the absence of Kerr nonlinearity (χ = 0,∆ = 0), the DEM has a random behaviour.
By entering the effect of detuning parameter in figure ??(b), the temporal behaviour of the
DEM with fast oscillatory is observed and the maximum amount of DEM is increased. From
figure ??(c) where the effect of Kerr nonlinearity is studied, it is seen that, the amount of
DEM in the presence of Kerr nonlinearity is drastically reduced. In figure ??(d), the effect
of all considered parameters is examined. According to this figure and comparing with figure
??(c), it is observed that, in the presence of Kerr medium, detuning parameter may enhance
the DEM.
3.2 Concurrence
The concurrence presented by Hill and Wootters [69, 60] is a suitable measure of the entangle-
ment of any state of two qubits, mixed or pure. This quantity is described by using the Pauli
spin matrix σy as a spin flip operator. Rungta et al [70] generalized the spin-flip superoperator
to a ‘universal inverter’ which acts on quantum systems with arbitrary dimension. The authors
showed that, for a pure state |ψ〉 on (M × N)-dimensional Hilbert space R = RM ⊗RN , the
concurrence (that they called ‘I concurrence’) can be defined as follows [37]
C(|ψ〉) =
√
2(〈|ψ|ψ〉|2 − Tr(ρ2N)), (26)
in which ρˆN = TrM(|ψ〉〈ψ(t)|) is the reduced density operator of the subsystem with dimension
N where TrM is the partial trace over RM . It is noteworthy to mention that, the concurrence
varies between 0 for separable state and
√
2(N − 1)/N for maximally entangled state. Here,
we calculate the concurrence to understand the DEM between the atoms and the fields. To
achieve this purpose, it is convenient to rewrite the atomic reduced density operator in the form
ρˆA =
∑
i,j=1,2,3,4
ρii|i〉〈i|+
∑
i,j=1,2,3,4,i 6=j
ρij |i〉〈j|, (27)
where ρij = 〈i|ρˆA(t)|j〉. Hence, the concurrence defined in (26) results in
C =
√
2
∑
i,j=1,2,3,4,i 6=j
(ρiiρjj − ρijρji). (28)
In figure ??, we have plotted the concurrence versus τ with the same parameters similar to
figure ??. From figure ??(a) whereas detuning parameter and Kerr nonlinearity are neglected,
a random behavior is observed. Figure ??(b) has been plotted in off resonance case and in the
absence of Kerr effect. It is obvious from this figure that, when the time goes up, the DEM is
increased. To investigate the effect of Kerr medium in the resonance and nonresonance case, we
have depicted figures ??(c) and ??(d), respectively. From figure ??(c) where the effect of Kerr
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nonlinearity is studied, it is observed that, Kerr medium ruins the entanglement between the
atoms and the fields. Also, from figure ??(d), it is seen that, in the presence of Kerr medium,
the DEM may be improved when the detuning parameter is present. Interestingly, comparing
the presented results of figures ?? and ?? implies the fact that, dynamics of entanglement via
von Neumann entropy and concurrence are qualitatively the same, as is expected. This may
be considered as a check point for the accuracy of our numerical calculation regarding the
DEM between the atoms and the fields. It is also remarkable to declare that, the sensitivity of
concurrence is clearly more than von Neumann entropy.
3.3 Negativity
In this section, we are mainly interested in analyzing the effect of the detuning parameter
and Kerr nonlinearity on the entanglement between the atoms (atom-atom entanglement). It
is valuable to mention that, two-atom entangled states have experimentally been reported by
considering ultra cold trapped ions [71] and cavity QED schemes [72]. The negativity is an
appropriate and a good computable measure of this type of entanglement. The concept of
negativity is referred to the Peres-Horodecki condition for the separability of a state [73, 74].
According to this quantity, a state is entangled if one or more of the eigenvalues of partial
transposition matrix is negative. The Peres criterion is necessary and sufficient for the (2× 2)-
and (2× 3)-dimensional states, and is only sufficient for systems with higher dimensions. The
negativity for a bipartite quantum system with (2× 2)- and (2× 3)-dimensional Hilbert space
described by density matrix ρˆ, is given by [61]
N (ρˆ) = ||ρˆ
TB ||1 − 1
2
, (29)
where ρˆTB is the partial transpose of a state ρˆ (with respect to subsystem B), and ||ρˆTB ||1
represents the trace norm of the operator ρˆTB . It ought to be mentioned that, the trace norm
of any operator Oˆ is defined by ||Oˆ||1 = Tr
√
Oˆ†Oˆ which is equal to the sum of the absolute
values of the eigenvalues of Oˆ, when the operator Oˆ is Hermitian. Also, It may be noted that,
the quantity defined in (29) is zero for separable states and strictly less than one for maximally
entangled states. Also, it is valuable to notice that for a system with arbitrary dimensions,
d× d′ (d ≤ d′), the negativity can be expressed as [75]
N (ρˆ) = ||ρˆ
TB ||1 − 1
d− 1 , (30)
where ρˆTB is the partial transpose of a state ρˆ in d ⊗ d′ quantum system. It is instructive to
state that, this quantity gets 1 for any pure maximally entangled state (such as one of the Bell
states). The matrix ρˆ has positive eigenvalues and so Tr(ρˆ) = 1. Also, for the partial transpose
of this matrix we have Tr(ρˆTB) = 1, too. Since the partial transpose of density operator might
have the negative eigenvalues, the trace norm of ρˆTB can be written in the following form [76]
||ρˆTB ||1 =
∑
i
|µi| =
∑
i
µi − 2
∑
i
µnegi = 1− 2
∑
i
µnegi , (31)
where µi and µ
neg
i correspond to the positive and negative eigenvalues of ρˆ
TB , respectively.
Here, we are going to evaluate the DEM between two two-level atoms with density operator
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ρˆA, by using the negativity with emphasis on the fact that, for considered atomic subsystems
d = d′ = 2 ((2 × 2)-dimensional Hilbert space). Considering the equation (30), the negativity
reads as
N = −2
∑
i
µnegi , (32)
or equivalently N = max(0,−2∑i µnegi ) [38]. Consequently, we need only to calculate eigen-
values of ρˆ
TA2
A (partial transpose of reduced atomic density matrix with respect to the second
atom) to arrive one at the DEM between the two atoms.
Our results presented in figure ?? exhibit the time evolution of the negativity against the scaled
time τ for different chosen parameters as in figure ??. From figure ??(a) which corresponds to
the resonance condition and no Kerr medium, it is observed that the behavior of DEM between
two atoms is random. Looking at figure ??(b) indicates that in the presence of detuning pa-
rameter, the amount of DEM between the atoms is reduced. In figure ??(c) in which the effect
of Kerr medium is considered, the DEM strongly is descended. In figure ??(d), where all pa-
rameters (Kerr medium and detuning parameter) are considered, it is seen that, the negativity
is lost when the time proceeds.
4 Summary and conclusion
In this paper, we have studied two two-level atoms interacting with two coupled quantized fields
in the form frequency converter type which are injected simultaneously within a bichromatic
cavity enclosed by the centrosymmetric Kerr medium in the presence of detuning parameter.
Next, by suitably considering all existing interactions, we have applied the Bogoliubov-Valatin
canonical transformation, in order to reduce our complicated model to the usual form of the
generalized JCM. After obtaining analytically the exact form of the state vector of the whole
system, the effect of Kerr nonlinearity and detuning parameter on some of the well-known en-
tanglement criteria has been individually and simultaneously examined. To reach this goal, the
time evolution of different types of entanglement measures, consisting of von Neumann reduced
entropy and concurrence (to study the atom-field entanglement) and negativity (to obtain the
DEM between the atoms) has been numerically studied. The main results of the paper are
concisely listed in what follows.
The numerical results of the von Neumann entropy as well as the concurrence showed that
the existence of the Kerr medium intensively decreases the maximum amount of entanglement
between atomic and field subsystems, while the detuning parameter has no remarkable effect
on the maximum value of the DEM. Looking deeply at the numerical results of von Neumann
entropy and comparing them with the ones of concurrence implies the fact that, even though
the general behavior of both of them are similar, for our system together with the considered
conditions, the measure of concurrence is more sensitive than the von Neumann entropy. The
presented results of the negativity showed that the maximum value of the negativity is de-
creased due to the presence of detuning parameter. Also, the DEM between two atoms was
destroyed, when the Kerr nonlinearity was considered. In an overall view, it was illustrated that
the amount of DEM between subsystems can be tuned by suitably selecting the nonlinearity
parameters related to the atom-field system.
11
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